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We estimate here chiral susceptibility at finite temperature within the framework of the Nambu-
Jona-Lasinio model (NJL) using the Wigner function approach. We also estimate it in the presence
of chiral chemical potential (µ5) as well as a non vanishing magnetic field (B). We use medium
separation regularization scheme (MSS) to calculate the chiral condensate and corresponding suscep-
tibility. It is observed that for a fixed value of chiral chemical potential (µ5), transition temperature
increases with the magnetic field. While for the fixed value of the magnetic field, transition tem-
perature decreases with chiral chemical potential. For a strong magnetic field, we observe non
degeneracy in susceptibility for up and down type quarks.
I. INTRODUCTION
In recent years extensive efforts have been made to create and understand strongly interacting matter in relativistic
heavy ion collision experiments e.g. at relativistic heavy ion collider (RHIC) and at large hadron collider (LHC).
There are mounting evidences which indicate formation of deconfined quark gluon plasma (QGP) phase of quantum
chromodynamics (QCD) in the initial stages of these experiments as well as the formation of confined hadron phase in
the subsequent evolution of QGP. Ground state of QCD exhibits two main non perturbative features, color confinement
and spontaneous breaking of chiral symmetry. The dynamical breaking of chiral symmetry is the manifestation
of the quark-antiquark condensation in the QCD vacuum. Dynamical chiral symmetry breaking characterizes the
non perturbative nature of QCD vacuum at vanishing temperature and/or density. With increase in temperature
and/or baryon density, the QCD vacuum undergoes a transition from a chiral symmetry broken phase to a chiral
symmetric phase. This transition is characterized by the quark-antiquark scalar condensate, the order parameter of
the chiral phase transition. Although for first order phase transition order parameter changes discontinuously across
the transition point, for second order phase transition or for a cross over transition the variation of order parameter
across the transition point is rather smooth. In these cases the fluctuation of this order parameter and the associated
susceptibilities are more relevant for the characterization of the thermodynamic properties of the system.
The characteristics of fluctuations and correlations are intimately connected to the phase transition dynamics,
e.g. fluctuations of all length scales are relevant at QCD critical point where the first order quark-hadron phase
transition line ends. The study of fluctuations and correlations are essential phenomenological tool for the experimental
exploration of the QCD phase diagram. In the context of heavy-ion collisions by studying the net electric charge
fluctuation, it has been demonstrated that net electric charges are suppressed in the QGP phase as compared to the
hadronic phase [1, 2]. It has also been pointed out that the correlation between baryon number and strangeness is
stronger in the QGP phase as compared to the hadronic phase [3, 4]. The quantity of interest here is the chiral
susceptibility which measures the response of the chiral condensate to the variation of the current quark mass. Chiral
susceptibility has been calculated using first principle lattice QCD (LQCD) simulations [5–10]. All these lattice results
show a pronounced peak in the variation of chiral susceptibility with temperature at the transition temperature,
which essentially characterizes the chiral transition. Apart from these LQCD studies which incorporates the non
perturbative effects of QCD vacuum, complementary approaches e.g. Nambu-Jona-Lasinio (NJL) model [11, 12],
chiral perturbation theory [13], Dyson-Schwinger equation (DSE) [14], hard thermal loop approximation (HTL)[15]
etc. have been considered to study the chiral susceptibility.
An entirely new line of investigations have been initiated to understand the QCD phase diagram due to possibility
of generation of extremely large magnetic field in non central relativistic heavy ion collision experiments. In the early
stages the magnetic field in QGP can be very large, at least of the order of few m2π [16–24]. While such fields rapidly
decay in the vacuum, in a conducting medium they can be sustained for a longer time due to induced current [21–24].
Strong magnetic field can affect dynamical chiral symmetry breaking. It has been shown that external magnetic field
act as catalysis for chiral condensation, the value of chiral condensation or the constituent mass of quarks is larger
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2than vanishing magnetic field case. It is important to mention that effect of magnetic field on the order parameter
is not unique to QCD medium. In fact in condensed matter systems e.g. superconductors magnetic field can play a
significant role. A striking contrast of the effect of magnetic field on the chiral condensate contrary to superconductors
is that the magnetic field helps to strengthen the chiral condensate. Naively one can understand this in the following
way. Unlike the electrically charged superconducting condensate, chiral condensate is an electrically neutral spin
zero condensate. Hence for the chiral condensate, the magnetic moment of the fermion and the antifermion point
in the same direction. Hence in the presence of magnetic field both magnetic moments can align themselves along
the direction of the magnetic field without any frustration in the pair[25]. It has also been pointed out that in the
presence of magnetic field dimensional reduction can play an essential role in the pairing of fermions [26].
Magnetic catalysis has been explored extensively in (2+1) and (3+1)- dimensional models with local four fermion
interactions [27–46], supersymmetric models [47], quark meson models [48, 49], chiral perturbation theory [50, 51] etc.
Such a strong magnetic field can also introduce some exotic phenomenon, e.g. chiral magnetic effect (CME), chiral
vortical effect (CVE) etc, in a chirally imbalanced medium [52]. Underlying physics of the chiral imbalance is the axial
anomaly and topologically non trivial vacuum of QCD, which allows topological field configurations like instantons
to exist. An asymmetry between the number of left- and right-handed quarks can be generated by these non trivial
topological field configurations due to Adler-Bell-Jackiw (ABJ) anomaly. Such an imbalance can lead to observable
P and CP violating effects in heavy ion collisions. In the presence of magnetic field chirally imbalance quark matter
can give rise chiral magnetic effect where a charge separation can be produced. Effects of a chiral imbalance on
the QCD phase diagram can be studied within the framework of grand canonical ensemble by introducing a chiral
chemical potential µ5, which enters the QCD Lagrangian via a term µ5ψ¯γ
0γ5ψ. Chiral phase transition has been
discussed extensively. These studies include Nambu-Jona-Lasinio (NJL) type models [53–59], quark linear sigma
model[53, 60], Lattice QCD studies [61, 62] etc. Although the effect of chiral chemical potential has been explored
extensively, contradicting results have been reported in various literatures, e.g. in Refs.[53–58] predict that chiral
transition temperature decreases with chiral chemical potential. On the other hand in Ref.[59] it has been argued
that with a specific regularization method chiral transition temperature increases with chiral chemical potential, which
is in agreement with Lattice results in Ref.[61, 62]. In this context, in a recent interesting work the Winger function
in presence of non vanishing magnetic field and chiral chemical potential has been evaluated in a non perturbative
manner using explicit solutions of the Dirac equation in a magnetic field and chiral chemical potential [63]. This has
been later used for pair production in presence of electromagnetic field [64].
To probe the medium produced in relativistic heavy ion collisions, generally thermodynamic or hydrodynamic model
has been used, which assumes local thermal equilibrium. However, due to the short time scales associated with the
strong interaction, the medium produced in the heavy ion collision is rather dynamical in nature and lives for a very
short time and non equilibrium as well as quantum effects can affect the evolution of the medium significantly. These
effects can be considered within the framework of non equilibrium quantum transport theory. It is important to
point out that in case of interacting field theory of fermions and gauge bosons, transport theory should be invariant
under local gauge transformation. Such a gauge covariant quantum transport theory for QCD has been developed
in [65–67]. Classical kinetic theory is characterized by an ensemble of point-like particles with their single particle
phase-space distribution function. The time evolution of single particle phase-space distribution function governed
by the transport equation encodes the evolution of the system. Similar to the single particle distribution in classical
kinetic theory, Wigner function which is the quantum mechanical analogue of classical distribution function, encodes
quantum corrections in the transport equation [68]. Equation of motion of Winger function can be derived from the
equation of motion for the associated field operators, e.g. for fermions, evolution equation of Wigner functions can
be derived using the Dirac equation[69, 70]. In case of local gauge theories, the Wigner function has to be defined
in a gauge invariant manner [71]. The covariant Wigner function method for spin-1/2 fermions has already been
explored extensively in the context of heavy ion collisions to study various effects including chiral magnetic effect
(CME), chiral vortical effect (CVE), polarization-vorticity coupling, hydrodynamics with spin, dynamical generation
of magnetic moment etc. [63, 72–81].
In this investigation, we study the chiral phase transition and chiral susceptibility in the presence of magnetic
field and chiral chemical potential in quantum kinetic theory framework using Nambu Jona Lasinio (NJL) model
[82–87]. Our work is based on the spinor decomposition of the Wigner function using formalism of Ref.[63, 88]. In
this investigation, we limit ourselves to mean field or classical level of the quantum kinetic theory, since the chiral
symmetry breaking and generation of dynamical mass of fermions takes place at mean field level [88]. The formulation
of transport theory of NJL model has been studied in Ref.[88–91]. In this work we have used the formalism given in
Ref.[88] to calculate the chiral condensate and the chiral susceptibility using the Wigner function. Wigner function
in general is used for deriving dynamical equations for the out of equilibrium system [88]. In the present study, we
limit ourselves to use the Wigner function for an extended system in global thermal equilibrium i.e. at constant
temperature and chemical potentials to calculate chiral susceptibility.
We organize the paper in the following manner. In Sec.(II), for the sake of completeness, we recapitulate the results
3of Ref.[88] to study chiral condensate in NJL model using Wigner function approach. Then in Sec.(III) we introduce
the Winger function in the presence of magnetic field as well as chiral chemical potential and calculate of the chiral
condensate for two flavour NJL model. In Sec.(IV) we discuss the chiral susceptibility for two flavour NJL model
in presence of magnetic field (B) as well as chiral chemical potential (µ5). In Sec.(V) we present the results and
discussions. Finally in Sec.(VI) we conclude our results with an outlook to it.
II. WARM UP: WIGNER FUNCTION AND CHIRAL CONDENSATE IN NJL MODEL
In this section we first briefly discuss the salient features of the formalism of Wigner function in NJL model for
single flavour fermion having vanishing current quark mass as given in Ref.[88]. Once we get the representation of
scalar condensate in terms of Wigner function, we can generalize it to a more realistic situation with non vanishing
current quark mass. For a single flavour NJL model we start with the following Lagrangian [88],
L = ψ¯i/∂ψ +G ((ψ¯ψ)2 + (ψ¯iγ5ψ)2) , (1)
where ψ is the Dirac field, G is the scalar coupling. First terms is the usual kinetic term and the second term represents
the four Fermi interaction. One can define composite field operators σˆ and πˆ as,
σˆ = −2Gψ¯ψ, πˆ = −2Gψ¯iγ5ψ. (2)
Using Eq.(2), the Lagrangian given in Eq.(1) can be recasted as [88],
L = ψ¯i/∂ψ − σˆψ¯ψ − πˆψ¯iγ5ψ − σˆ
2 + πˆ2
4G
. (3)
In the mean field approximation the operators σˆ and πˆ are replaced by their mean field values,
σˆ → σ = 〈σˆ〉 = Tr(ρˆσˆ), πˆ → π = 〈πˆ〉 = Tr(ρˆπˆ), (4)
where ρˆ is the density matrix operator and “Tr” denotes trace over all physical states of the system. For a non
equilibrium transport theory, in mean field approximation, the fundamental quantity is the Green function, which is
defined as,
G<αβ(x, y) = 〈ψ¯β(y)ψα(x)〉. (5)
The mean field values of the operators σˆ and πˆ, i.e. σ(x) and π(x) can be determined in terms of the green function
G<(x, y) as follows,
σ(x) = −2GTr G<(x, x), π(x) = −2GTr iγ5G<(x, x). (6)
The Wigner function for fermion is defined as [88],
Wαβ(X, p) =
∫
d4X ′
(2π)4
e−ipµX
′µ
〈
ψ¯β
(
X +
X ′
2
)
ψα
(
X − X
′
2
)〉
=
∫
d4X ′
(2π)4
e−ipµX
′µ
G<αβ
(
X +
X ′
2
, X − X
′
2
)
(7)
It is important to mention that in NJL model there are no gluons, hence the SU(3)c gauge invariance of the Wigner
function does not appear in NJL model. Again in this case we are not considering background magnetic field. Hence
there is no U(1)em gauge field associated with the NJL model. However in presence of gauge field one has to introduce
a gauge link in Wigner function for a gauge invariant description [92].
Since the Wigner function (W (X, p)) as given in Eq.(7), is a composite operator made out of the Dirac field
operators ψ and ψ¯, it is convenient to decompose W (X, p) in terms of the generators of the Clifford algebra. The
Wigner functionW (X, p), in terms of the conventional basis of Clifford algebra 1, iγ5, γ
µ, γµγ5 and σ
µν , can be written
as,
4W =
1
4
[
F + iγ5P + γ
µVµ + γ
µγ5Aµ +
1
2
σµνSµν
]
. (8)
Here the coefficients F, P, Vµ, Aµ and Sµν are the scalar, pseudo scalar, vector, axial vector and tensor components
of the Wigner function respectively, also known as Dirac-Heisenberg-Wigner (DHW) functions. The scalar, pseudo
scalar, vector, axial vector and tensor Dirac-Heisenberg-Wigner functions can be respectively expressed as,
F (X, p) = Tr W (X, p), (9)
P (X, p) = −iTr γ5W (X, p), (10)
V µ(X, p) = Tr γµW (X, p), (11)
Aµ(X, p) = Tr γ5γµW (X, p), (12)
Sµν(X, p) = Tr σµνW (X, p). (13)
Using Eq.(6), Eq.(7), the scalar and pseudo scalar condensates as given in Eq.(9) and Eq.(10) can be written in
terms of Wigner function in the following manner,
σ(X) = −2G
∫
d4pTr W (X, p) = −2G
∫
d4pF (X, p), (14)
and,
π(X) = −2G
∫
d4pTr iγ5W (X, p) = 2G
∫
d4pP (X, p). (15)
Using Eq.(2) and Eq.(14) one can express the scalar condensate as,
〈ψ¯ψ〉 =
∫
d4pF (X, p). (16)
In the above description, we have briefly mentioned the relation between the different mean fields with the Wigner
function. It is important to mention that by the virtue of the Dirac equation for the field operator ψ and ψ¯ the Wigner
function, W (X, p), also satisfies a quantum kinetic equation. However in this investigation we have not focused on
the kinetic equation of the Wigner function. For a detailed discussions on the kinetic equation for the components of
Wigner function, kinetic equation for quark distribution function and related topic see Ref.[88]. In this investigation
we rather focus on the estimation of chiral condensate as given in Eq.(16) and associated chiral susceptibility in two
flavour NJL model.
The Wigner function can be calculated by inserting the Dirac field operators in Eq.(7). The Dirac field operators
in the absence of magnetic field can be written as[93],
ψ(x) =
1√
Ω
∑
~k,s
1√
2E0k
[
a(~k, s)u(~k, s)e−ik.x + b†(~k, s)v(~k, s)eik.x
]
, (17)
ψ¯(x) =
1√
Ω
∑
~k,s
1√
2E0k
[
a†(~k, s)u¯(~k, s)eik.x + b(~k, s)v¯(~k, s)e−ik.x
]
, (18)
where Ω is the volume and s = ±1 denotes the spin states. Using the field decomposition as given in Eq.(17) and
Eq.(18), the Wigner function of a fermion with mass M0 can be shown to be [93],
5Wαβ(X, p) =
1
(2π)3
δ(p2 −M20)
[
θ(p0)
∑
s
fFD(E0p − µs)uα(~p, s)u¯β(~p, s)
+ θ(−p0)
∑
s
(1− fFD(E0p + µs))vα(−~p, s)v¯β(−~p, s)
]
, (19)
where the creation and the annihilation operators of the particle satisfy, 〈a†(~p, s)a(~p, s)〉 = fFD(E0p − µs). On the
other hand the creation and the annihilation operators of the anti particle satisfy, 〈b†(−~p, s)b(−~p, s)〉 = fFD(E0p+µs).
Here fFD(z) = 1/(1 + exp(z/T )) is the Fermi Dirac distribution function at temperature T and µs is the chemical
potential for the spin state s. E0p =
√
p2 +M20 is the single particle energy andM0 is the mass of the Dirac fermion.
It is important to note that the space time dependence in the Wigner function W (X, p) is hidden in the space time
dependence of the temperature and chemical potential. However for a uniform temperature and chemical potential
i.e. for a system in global equilibrium the Wigner function is independent of space time. In this investigation we are
considering a global thermal equilibrium. Hence from now onward we will omit the the space time dependence in the
Wigner function. Using Eq.(9) and Eq.(19) the scalar DHW function can be expressed as [93],
F (p) =M0δ(p2 −M20)
[
2
(2π)3
∑
s
(
θ(p0)fFD(E0p − µs)− θ(−p0)(1 − fFD(E0p + µs))
)]
. (20)
Using the scalar DHW function as given in Eq.(20), the scalar condensate for a single fermion species of mass M0
given in Eq.(16) can be recasted as,
〈ψ¯ψ〉 =
∫
d4pM0δ(p2 −M20)
[
2
(2π)3
∑
s
(
θ(p0)fFD(E0p − µs)− θ(−p0)(1 − fFD(E0p + µs))
)]
= −
∑
s
∫
d3p
(2π)3
M0
E0p
[
1− fFD(E0p − µs)− fFD(E0p + µs)
]
(21)
In a situation where the chemical potential is independent of the spin of the state,
〈ψ¯ψ〉 = −2Nc
∫
d3p
(2π)3
M0
E0p
[
1− fFD(E0p − µ)− fFD(E0p + µ)
]
, with, M0 = −2G〈ψ¯ψ〉. (22)
The factor of Nc appears in Eq.(22) due to the “Tr” over all the degrees of freedom.
Next we shall consider two flavour (u, d quarks) NJL model for vanishing magnetic field and chiral chemical potential,
with the Lagrangian given as [94],
L = L0 + L1 + L2, (23)
where the free part is,
L0 = ψ¯(i/∂ −m)ψ, (24)
and the interaction parts are given as,
L1 = G1
3∑
a=0
[
(ψ¯τaψ)2 + (ψ¯iγ5τ
aψ)2
]
, (25)
and,
L2 = G2
[
(ψ¯ψ)2 − (ψ¯~τψ)2 − (ψ¯iγ5ψ)2 + (ψ¯iγ5~τψ)2
]
, (26)
where ψ = (ψu, ψd)
T is the quark doublet, m = diag(mu,md) is the current quark mass with mu = md. τ
0 = I2×2
and ~τ are the Pauli matrices. The above Lagrangian as given in Eq.(23) is invariant under SU(2)L×SU(2)R×U(1)V
transformations. L1 has an additional U(1)A symmetry. L2 is identical with t-Hooft determinant interaction term
6which breaks the U(1)A symmetry explicitly. L2 interaction term introduces mixing between different flavours. Value
of the coupling G2 is fixed by fitting the masses of the pseudoscalar octet [94]. It is also important to emphasis that
since we are considering only the scalar condensates of the form ψ¯uψu and ψ¯dψd, so we can safely ignore the pseudo
scalar condensate as well as the scalar condensates of the form ψ¯uψd, ψ¯dψu etc. Using these approximations at the
mean field level, the Lagrangian of the two flavour NJL model as given in Eq.(23) can be expressed as,
L = ψ¯u(i/∂ −M0u)ψu + ψ¯d(i/∂ −M0d)ψd − 2G1
(〈ψ¯uψu〉2 + 〈ψ¯dψd〉2)− 4G2〈ψ¯uψu〉〈ψ¯dψd〉, (27)
where u and d quark condensates are given as 〈ψ¯uψu〉 and 〈ψ¯dψd〉 respectively. The constituent quark masses of u
and d quarks in terms of the chiral condensates are given as,
M0u = mu − 4G1〈ψ¯uψu〉 − 4G2〈ψ¯dψd〉, M0d = md − 4G1〈ψ¯dψd〉 − 4G2〈ψ¯uψu〉. (28)
One can easily generalize the scalar condensate as given in Eq.(22) for single flavour NJL model to multi flavour
NJL model. Hence for NJL model of Nf quark flavour and Nc color, the chiral condensate can be written as,
〈ψ¯ψ〉µ5=0B=0 =
Nf∑
f=1
〈ψ¯fψf 〉µ5=0B=0
with,
〈ψ¯fψf 〉µ5=0B=0 = −2Nc
∫
d3p
(2π)3
M0f
E0p,f
[
1− fFD(E0p,f − µ)− fFD(E0p,f + µ)
]
. (29)
The chiral condensate for Nf flavour NJL model as given in Eq.(29) can also be obtained by first calculating the
thermodynamic potential using the mean field Lagrangian as given in Eq.(27) and then calculating the gap equation
using the minimization of thermodynamic potential.
III. WIGNER FUNCTION AND CHIRAL CONDENSATE IN NJL MODEL FOR NON VANISHING
MAGNETIC FIELD AND CHIRAL CHEMICAL POTENTIAL
In presence of magnetic field (B) and chiral chemical potential (µ5) the Wigner function has been explicitly written
down in Ref.[63], using solutions of the Dirac equation for fermions in magnetic field and finite chiral chemical
potential. We shall use them to calculate chiral condensate. For the sake of completeness we write down the relevant
expressions for the Wigner function. In the presence of background magnetic field the Wigner function given in Eq.(7)
gets modified to a gauge invariant Wigner function as [63],
Wαβ(X, p) =
∫
d4X ′
(2π)4
e(−ipµX
′µ)
〈
ψ¯β
(
X +
X ′
2
)
U
(
A,X +
X ′
2
, X − X
′
2
)
ψα
(
X − X
′
2
)〉
, (30)
where U
(
A,X + X
′
2 , X − X
′
2
)
is the gauge link between two space time points
(
X − X′2
)
and
(
X + X
′
2
)
for the
gauge field Aµ. The gauge link has been introduced to make the Wigner function gauge invariant. In the presence
of homogeneous external magnetic field along the z direction, the gauge link is just a phase. In this case the Wigner
function simplifies to,
Wαβ(X, p) =
∫
d4X ′
(2π)4
e(−ipµX
′µ−iqByx′)
〈
ψ¯β
(
X +
X ′
2
)
⊗ ψα
(
X − X
′
2
)〉
, (31)
where Aµ(X) = (0,−By, 0, 0) is a specific gauge choice of the external magnetic field. q is the charge of the particle
and it has been taken to be positive. Analogous to the case of vanishing magnetic field Wigner function can be
calculated for non vanishing magnetic field by using the Dirac field operator in a background magnetic field. The
Wigner function in a background magnetic field at finite temperature (T ), chemical potential (µ)and finite chiral
chemical potential (µ5) has been shown to be [63],
7W (p) =
∑
n,s
[
fFD(E
(n)
pz ,s − µ)δ(p0 + µ− E(n)pz ,s)W
(n)
+,s(~p) + (1 − fFD(E(n)pz ,s + µ))δ(p0 + µ+ E(n)pz ,s)W
(n)
−,s(~p)
]
, n ≥ 0
(32)
where the functions W
(n)
±,s(~p) denote the contribution of fermion/anti-fermion in the n-th Landau level. The single
particle energy at the lowest Landau level and higher Landau levels are given as E
(0)
pz =
√
M2 + (pz − µ5)2 and
E
(n)
pz ,s =
√
M2 + (
√
p2z + 2nqB − sµ5)2 respectively. + and − in Eq.(32) denote contributions of positive and negative
energy solutions respectively. In the lowest Landau level fermions can only be in a specific spin state. On the other
hand for higher Landau levels (n > 0) both spin states contribute.
The functions W
(n)
±,s(~p) in Eq.(32) can be expressed in terms of Dirac spinors in the following manner[63],
W (n)rs (~p) ≡
1
(2π)3
∫
dy′ exp(ipyy
′)ξ(n)†rs
(
px, pz,
y′
2
)
γ0 ⊗ ξ(n)rs
(
px, pz,−y
′
2
)
, n ≥ 0 (33)
In Eq.(33), r = ± denotes positive energy and negative energy solutions respectively. The Dirac spinors ξ(0)r and ξ(n)rs ,
where r = ± denotes positive and negative energy states and s denotes the spin of the state, are defined as,
ξ(0)r (px, pz, y) =
1√
2E
(0)
pz

r
√
E
(0)
pz − r(pz − µ5)√
E
(0)
pz + r(pz − µ5)

⊗ χ(0)(px, y), (34)
ξ(n)rs (px, pz, y) =
1√
2E
(n)
pz,s

r
√
E
(n)
pz,s + rµ5 − rs
√
p2z + 2nqB√
E
(n)
pz ,s − rµ5 + rs
√
p2z + 2nqB

⊗ χ(n)(px, pz, y), n > 0 (35)
where the normalized eigen spinors χ are
χ(0)(px, y) =
(
1
0
)
φ0(px, y), (36)
and,
χ(n)s (px, pz, y) =
1√
2
√
p2z + 2nqB


√√
p2z + 2nqB + spzφn(px, y)
s
√√
p2z + 2nqB − spzφn−1(px, y)

 , n > 0 (37)
where,
φn(px, y) =
(
qB
π
)1/4
1√
2nn!
exp
[
−qB
2
(
y +
px
qB
)2]
Hn
[√
qB
(
y +
px
qB
)]
, n ≥ 0. (38)
Hn represents n-th Hermite polynomial. Inserting the explicit expression of the Dirac spinors as given in Eq.(36) and
Eq.(37) into Eq.(33) one can get the explicit form the function W
(n)
±,s(~p)[63]. For lowest Landau level,
W (0)r (~p) =
r
4(2π)3E
(0)
pz
Λ(0)(pT )
[
M(1 + σ12) + rE(0)pz (γ
0 − γ5γ3)− (pz − µ5)(γ3 − γ5γ0)
]
, (39)
while for higher Landau levels,
8W (n)rs (~p) = r
1
4(2π)3E
(n)
pz ,s
{[
Λ
(n)
+ (pT ) + s
pz√
p2z + 2nqB
Λ
(n)
− (pT )
][
M + rE(n)pz ,sγ
0 + (s
√
p2z + 2nqB − µ5)γ5γ0
]
−
[
Λ
(n)
− (pT ) + s
pz√
p2z + 2nqB
Λ
(n)
+ (pT )
][
(s
√
p2z + 2nqB − µ5)γ3 + rE(n)pz ,sγ5γ3 −Mσ12
]
− 2nqB
p2T
√
p2z + 2nqB
Λ
(n)
+ (pT )
[
(
√
p2z + 2nqB − sµ5)(pxγ1 + pyγ2)
+ rsE(n)pz ,s(pxγ
5γ1 + pyγ
5γ2)− sM(pzσ23 − pyσ13)
]}
, n > 0 (40)
where,
Λ
(0)
± (pT ) = 2 exp
(
− p
2
T
qB
)
, (41)
Λ
(n)
± (pT ) = (−1)n
[
Ln
(
2p2T
qB
)
∓ Ln−1
(
2p2T
qB
)]
exp
(
− p
2
T
qB
)
, n > 0. (42)
Here Ln(x) are the Laguerre polynomials with L−1(x) = 0. Using the Wigner function W (p) as given in Eq.(32) it
can be shown that the scalar DWH function is [63],
F (p) =M
[ ∞∑
n=0
Vn(p0, pz)Λ
(n)
+ (pT ) +
∞∑
n=1
1√
p2z + 2nqB
An(p0, pz)pzΛ
(n)
− (pT )
]
, (43)
where,
V0(p0, pz) =
2
(2π)3
δ{(p0 + µ)2 − |E(0)pz |2}{θ(p0 + µ)fFD(p0) + θ(−p0 − µ)[fFD(−p0)− 1]} (44)
Vn(p0, pz) =
2
(2π)3
∑
s
δ{(p0 + µ)2 − |E(n)pz ,s|2}{θ(p0 + µ)fFD(p0) + θ(−p0 − µ)
[
fFD(−p0)− 1
]}, n > 0 (45)
An(p0, pz) =
2
(2π)3
∑
s
sδ{(p0 + µ)2 − |E(n)pz,s|2}{θ(p0 + µ)fFD(p0) + θ(−p0 − µ)
[
fFD(−p0)− 1
]}, n > 0 (46)
Once the scalar DWH function is known explicitly as given in Eq.(43), the chiral condensate of single flavour fermion
can be calculated using Eq.(16) and is given as,
〈ψ¯ψ〉 =
∫
d4p F (p) =
∫
2πpT dp0 dpT dpz F (p) (47)
Using Eq.(43) and Eq.(47), it can be shown that (see Appedix A for details),
〈ψ¯ψ〉µ5 6=0B 6=0 = −
qB
(2π)2
[ ∫
dpz
M
E
(0)
pz
[
1− fFD(E(0)pz − µ) − fFD(E(0)pz + µ)
]
+
∞∑
n=1
∑
s
∫
dpz
M
E
(n)
pz ,s
[
1− fFD(E(n)pz ,s − µ)− fFD(E(n)pz ,s + µ)
]]
(48)
For vanishing chiral chemical potential, µ5 = 0, scalar condensate get reduced to,
〈ψ¯ψ〉µ5=0B 6=0 = −
qB
(2π)2
∞∑
n=0
(2− δn,0)
∫
dpz
M0
ǫ
(n)
pz
[
1− fFD(ǫ(n)pz − µ)− fFD(ǫ(n)pz + µ)
]]
, (49)
9where, we denote M0 as the mass of fermion in the absence of chiral chemical potential and finite magnitude field.
The single particle energy ǫ
(n)
pz , for vanishing chiral chemical potential can be written as,
ǫ(n)pz =
√
M20 + p
2
z + 2nqB, n ≥ 0. (50)
The chiral condensate for a single flavour as given in Eq.(48) can be easily extended to NJL model with two flavours.
Most general Lagrangian for two flavour NJL model with u and d quarks in the magnetic field including chiral chemical
potential is given as,
L = ψ¯(i /D −m+ µ5γ0γ5)ψ +G1
3∑
a=0
[
(ψ¯τaψ)2 + (ψ¯iγ5τ
aψ)2
]
+G2
[
(ψ¯ψ)2 − (ψ¯~τψ)2 − (ψ¯iγ5ψ)2 + (ψ¯iγ5~τψ)2
]
,
(51)
where ψ is the U(2) quark doublet, given as ψ = (ψu, ψd)
T . The covariant derivative is given as /D = /∂+ iq /A and the
current quark mass matrix ism = diag(mu,md), withmu = md. The first term in Eq.(51) is the free Dirac Lagrangian
in the presence of magnetic field. For the calculation we have considered the gauge choice of the background magnetic
field as Aµ = (0,−By, 0, 0). The second term in Eq.(51) is the four Fermi interaction and the attractive part of
the quark anti-quark channel of the Fierz transformed color current-current interaction. τa, a = 0, ..3 are the U(2)
generators in the flavour space. Third term is the t-Hooft interaction terms which introduces flavour mixing as earlier
in Eq.(26). Since the magnetic field couples to the electric charge of particles, in the presence of magnetic field u
quark and d quarks couple differently with the magnetic field, hence the isospin symmetry is explicitly broken. In the
mean field approximation, in the absence of any pseudo scalar condensate, Eq.(51) can be recasted as,
L = ψ¯u(i /D −Mu + µ5γ0γ5)ψu + ψ¯d(i /D −Md + µ5γ0γ5)ψd
− 2G1
(〈ψ¯uψu〉2 + 〈ψ¯dψd〉2)− 4G2〈ψ¯uψu〉〈ψ¯dψd〉, (52)
where u, d quark condensates are given as 〈ψ¯uψu〉 and 〈ψ¯dψd〉 respectively. The constituent quark masses for u and
d quarks in terms of the chiral condensates can be given as,
Mu = mu − 4G1〈ψ¯uψu〉 − 4G2〈ψ¯dψd〉, Md = md − 4G1〈ψ¯dψd〉 − 4G2〈ψ¯uψu〉. (53)
Generalizing Eq.(48) for two flavour NJL model, the chiral condensate in the presence of magnetic field and chiral
chemical potential can be written as,
〈ψ¯ψ〉µ5 6=0B 6=0 =
∑
f=u,d
〈ψ¯fψf 〉µ5 6=0B 6=0 , (54)
where,
〈ψ¯fψf 〉µ5 6=0B 6=0 = −
Nc|qf |B
(2π)2
[ ∫
dpz
Mf
E
(0)
pz ,f
[
1− fFD(E(0)pz ,f − µ) − fFD(E
(0)
pz ,f
+ µ)
]
+
∞∑
n=1
∑
s
∫
dpz
Mf
E
(n)
pz ,s,f
[
1− fFD(E(n)pz ,s,f − µ)− fFD(E
(n)
pz ,s,f
+ µ)
]]
, (55)
and the single particle energy of flavour f can be expressed as,
E
(0)
pz ,f
=
√
M2f + (pz − µ5)2 for n = 0, E(n)pz ,s,f =
√
M2f + (
√
p2z + 2n|qf |B − sµ5)2 for n > 0. (56)
For vanishing chiral chemical potential µ5 = 0, the chiral condensate of single flavour can be expressed as,
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〈ψ¯fψf 〉µ5=0B 6=0 = −
Nc|qf |B
(2π)2
∞∑
n=0
(2− δn,0)
∫
dpz
M0f
ǫ
(n)
pz,f
[
1− fFD(ǫ(n)pz,f − µ)− fFD(ǫ
(n)
pz ,f
+ µ)
]]
, (57)
and the single particle energies of flavour f can be expressed as,
ǫ
(n)
pz,f
=
√
p2z +M
2
0f
+ 2n|qf |B. (58)
The first term of the quark condensate as given in Eq.(57) contains divergence and needs to be regularized to derive
meaningful results. In usual NJL model at vanishing temperature and chemical potential such integrals are regularized
either by a sharp three momentum cutoff[82, 94] or a smooth cutoff [95–97]. Effective models like NJL model which
are non renomalizable have to be complemented with regularization scheme with the constraint that the physically
meaningful results should be eventually independent of the regularization prescription. In the presence of magnetic
field, continuous momentum dependence in two spatial dimensions transverse to the direction of magnetic field, are
being replaced by a sum over discretized Landau levels. Hence a sharp three momentum cutoff in the presence of the
magnetic field suffers from cutoff artifact. Rather a smooth momentum cutoff was used in Ref.[54] in the context of
chiral magnetic effects in the PNJL model to avoid such cutoff artifact. To regularize the vacuum term in Eq.(57), we
follow an elegant procedure that was followed in Ref.[98] by adding and subtracting a zero magnetic field contribution
to the chiral condensate which encodes the divergent behaviour. However in such separation the equation satisfies
by the constituent quark mass also occur in the divergent vacuum term. We follow the same procedure here to
regulate the divergent integral arsing in Eq.(57). The regularized chiral condensate in the presence of magnetic field
at vanishing quark chemical potential is (see Appendix (B), Eq.(B13)),
〈ψ¯fψf 〉µ5=0B 6=0 =− 2Nc
∫
|~p|≤Λ
d3p
(2π)3
M0f√
p2 +M20f
− NcM0f |qf |B
2π2
[
x0f (1− lnx0f ) + ln Γ(x0f ) +
1
2
ln
(
x0f
2π
)]
+
Nc|qf |B
2π2
∞∑
n=0
(2− δn,0)
∫ ∞
−∞
dpz
M0f
ǫ
(n)
pz,f
fFD(ǫ
(n)
pz,f
), (59)
where the dimensionless variable x0f = M
2
0f
/2|qf |B. Scalar condensate as given in Eq.(59) can also be obtained by
minimizing the regularized thermodynamic potential using the mean field Lagrangian as given in Eq.(52) in case of
vanishing chiral chemical potential. Solving the equation Eq.(53) using Eq.(59) we get quark masses for vanishing
chiral chemical potential with finite magnetic field. This constituent mass will be later used to estimate quark masses
at finite chiral chemical potential and finite magnetic field, as discussed in the following subsection.
A. Regularization of chiral condensate in the presence of magnetic field and chiral chemical potential
Chiral condensate 〈ψ¯fψf 〉 of quark flavour f , in the presence of magnetic field and non zero chiral chemical potential
is given as,
〈ψ¯fψf 〉µ5 6=0B 6=0 = −
Nc|qf |B
(2π)2
[ ∫
dpz
Mf
E
(0)
pz ,f
[
1− fFD(E(0)pz ,f − µ) − fFD(E
(0)
pz ,f
+ µ)
]
+
∞∑
n=1
∑
s
∫
dpz
Mf
E
(n)
pz ,s,f
[
1− fFD(E(n)pz ,s,f − µ)− fFD(E
(n)
pz ,s,f
+ µ)
]]
= 〈ψ¯fψf 〉µ5 6=0vac,B 6=0 + 〈ψ¯fψf 〉µ5 6=0med,B 6=0, (60)
where 〈ψ¯fψf 〉µ5 6=0vac,B 6=0 is zero temperature and zero quark chemical potential part of the chiral condensate and
〈ψ¯fψf 〉µ5 6=0med,B 6=0 is the medium term at finite temperature and quark chemical potential. 〈ψ¯fψf 〉µ5 6=0vac,B 6=0 contains
divergent integral which has to be regularized to obtain meaningful physical result. To regularize the vacuum part of
the chiral condensate for non vanishing magnetic field and chiral chemical potential we have not considered the naive
regularization with finite cutoff (Traditional Regularization scheme-TRS) to remove cutoff artifacts, rather we have
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considered Medium Separation Scheme (MSS) outlined in Ref.[99]. By adding and subtracting the lowest Landau
level term in the zero temperature and zero quark chemical potential part of the chiral condensate for non vanishing
magnetic field and chiral chemical potential, we get (for details see Appendix (C)),
〈ψ¯fψf 〉µ5 6=0vac,B 6=0 = −
Nc|qf |B
(2π)2
∞∑
n=0
∑
s=±1
∫
dpz
Mf
E
(n)
pz,s,f
+
Nc|qf |B
(2π)2
∫
dpz
Mf
E
(0)
pz ,f
= −Nc|qf |B
(2π)2
∞∑
n=0
∑
s=±1
∫
dpz
(
1
π
)∫ ∞
−∞
dp4
Mf
p24 +
(
E
(n)
pz ,s,f
)2 + Nc|qf |B(2π)2
∫
dpz
Mf
E
(0)
pz ,f
= I1 + I2, (61)
where E
(n)
pz ,s,f
=
√
M2f + (
√
p2z + 2n|qf |B − sµ5)2 and E(0)pz ,f =
√
M2f + (pz − µ5)2. Both integrals I1 and I2 are not
convergent at large momentum, hence these integrals have to be regularized to get physically meaningful results. In
the present investigation we are using medium separation scheme (MSS) to regularize the integrals I1 and I2. MSS
method has also been applied for the case of finite chiral chemical potential but vanishing magnetic field in Ref.[59].
In the present case we keep both B 6= 0 and µ5 6= 0 and use the same scheme in the following. Integral I1 can be
regularized by adding and subtracting the similar term with magnetic field (B) but µ5 = 0,
1
p24 +
(
E
(n)
pz,s,f
)2 = 1
p24 +
(
ǫ
(n)
pz,f
)2 − 1
p24 +
(
ǫ
(n)
pz,f
)2 + 1
p24 +
(
E
(n)
pz ,s,f
)2
=
1
p24 +
(
ǫ
(n)
pz,f
)2 + A+ 2sµ5
√
p2z + 2n|qf |B[
p24 +
(
ǫ
(n)
pz ,f
)2 ][
p24 +
(
E
(n)
pz ,s,f
)2 ] , (62)
where, A =M20f −M2f −µ25 and ǫ
(n)
pz,f
=
√
M20f + p
2
z + 2n|qf |B. Using the identity given in Eq.(62) twice we can write
the integrand of the integral I1, as given in Eq.(61), in the following way,
1
p24 +
(
E
(n)
pz,s,f
)2 = 1
p24 +
(
ǫ
(n)
pz,f
)2 + A+ 2sµ5
√
p2z + 2n|qf |B(
p24 +
(
ǫ
(n)
pz,f
)2)2 +
(A+ 2sµ5
√
p2z + 2n|qf |B)2(
p24 +
(
ǫ
(n)
pz,f
)2)3
+
(A+ 2sµ5
√
p2z + 2n|qf |B)3(
p24 +
(
ǫ
(n)
pz,f
)2)3(
p24 +
(
E
(n)
pz ,s,f
)2) . (63)
Performing p4 integration, we obtain (for details see Appendix (B)),
I1 = I1quad −
Mf(M
2
0f −M2f + 2µ25)
2
I1log + I1finite1 + I1finite2 , (64)
where
I1quad = −
Nc|qf |B
(2π)2
∞∑
n=0
∑
s
∫
dpz
Mf
ǫ
(n)
pz,f
, (65)
I1log =
Nc|qf |B
(2π)2
∞∑
n=0
∑
s
∫
dpz
1(
ǫ
(n)
pz,f
)3 , (66)
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I1finite1 = −
Nc|qf |B
(2π)2
∞∑
n=0
∑
s
∫
dpz
(
3
8
)
(MfA
2 − 4Mfµ25M20f )(
ǫ
(n)
pz ,f
)5 , (67)
and
I1finite2 = −
Nc|qf |B
(2π)2
(
15
16
) ∞∑
n=0
∑
s
∫
dpz
∫ 1
0
dx
(1 − x)2Mf(A+ 2sµ5
√
p2z + 2n|qf |B)3[ (
ǫ
(n)
pz,f
)2
− x(A + 2sµ5
√
p2z + 2n|qf |B)
]7/2 . (68)
The integrals I1quad and I1log are divergent at large momentum. On the other hand I1finite1 and I1finite2 are finite.
In a similar manner the integral I2 in Eq.(61) we obtain,
I2 = I2finite + I2log , (69)
where,
I2finite =
(
1
2
)
Nc|qf |B
(2π)2
∫
dpz
∫ 1
0
dx
Mf(A+ 2pzµ5)[(
ǫ
(0)
pz,f
)2
− x(A+ 2pzµ5)
]3/2 , (70)
and,
I2log =
Nc|qf |B
(2π)2
∫
dpz
Mf
ǫ
(0)
pz,f
. (71)
Using Eq.(64) and Eq.(69), 〈ψ¯fψf 〉µ5 6=0vac,B 6=0, can be expressed as,
〈ψ¯fψf 〉µ5 6=0vac,B 6=0 = −
Mf(M
2
0f −M2f + 2µ25)
2
I1log + I1finite1 + I1finite2 + I2finite + Iquad, (72)
where,
Iquad = I1quad + I2log =
Mf
M0f
[
− Nc|qf |B
(2π)2
∞∑
n=0
∑
s
∫
dpz
M0f
ǫ
(n)
pz,f
+
Nc|qf |B
(2π)2
∫
dpz
M0f
ǫ
(0)
pz,f
]
(73)
Each integral in Iquad is divergent. Using dimensional regularization it can be regularized to get (see Appendix (B),
Eq.(B2) and Eq.(B13) ),
Iquad =
Mf
M0f
[
− Nc|qf |B
(2π)2
∞∑
n=0
∑
s
∫
dpz
M0f
ǫ
(n)
pz ,f
+
Nc|qf |B
(2π)2
∫
dpz
M0f
ǫ
(0)
pz ,f
]
= Ifieldquad + I
vac
quad, (74)
where,
Ifieldquad = −
NcMf |qf |B
2π2
[
x0f (1− lnx0f ) + ln Γ(x0f ) +
1
2
ln
(x0f
2π
)]
(75)
and,
Ivacquad = −
NcMf
2π2
[
Λ
√
M20f + Λ
2 −M20f ln

Λ +
√
Λ2 +M20f
M0f

] (76)
Similarly the term I1log is divergent at large momentum, hence it has to be regularized. Regularization of I1log can
be done using dimensional regularization. In the dimensional regularization scheme (see Appendix (B), Eq.(B16)),
I1log =
Nc|qf |B
(2π)2
∞∑
n=0
∑
s
∫
dpz
1(
ǫ
(n)
pz ,f
)3 = Ifield1log + Ivac1log , (77)
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here,
Ifield1log = −
Nc
2π2
[
− lnx0f +
Γ′(x0f )
Γ(x0f )
]
, (78)
and,
Ivac1log =
Nc
π2
(
ln
(
Λ
M0f
+
√
1 +
Λ2
M20f
)
− Λ√
Λ2 +M20f
)
. (79)
Hence the regularized chiral condensate of quark flavour f for finite magnetic field and chiral chemical potential in
Medium Separation Scheme (MSS) for vanishing quark chemical potential can be expressed as,
〈ψ¯fψf 〉µ5 6=0B 6=0 = −
Mf (M
2
0f −M2f + 2µ25)
2
I1log + I1finite1 + I1finite2 + I2finite + Iquad
+
Nc|qf |B
2π2
[ ∫ ∞
−∞
dpz
Mf
E
(0)
pz ,f
fFD(E
(0)
pz ,f
) +
∞∑
n=1
∑
s
∫ ∞
−∞
dpz
Mf
E
(n)
pz,s,f
fFD(E
(n)
pz ,s,f
)
]
(80)
where, regularized I1log and Iquad has been given in Eq.(77) and Eq.(74) respectively. This makes the expression for
〈ψ¯fψf 〉µ5 6=0B 6=0 finite which we shall use later for the calculation of constituent mass (Mf ) for non vanishing magnetic
field and chiral chemical potential. Note that for the estimation of constituent mass (Mf ) for non vanishing magnetic
field and chiral chemical potential one requires constituent mass M0f for non vanishing magnetic field and vanishing
chiral chemical potential, which can be obtained from Eq.(59).
IV. CHIRAL SUSCEPTIBILITY
The fluctuations and the correlations are an important characteristics of any physical system. They provide essential
information about the effective degrees of freedom and their possible quasi-particle nature. These fluctuations and
correlations are connected with susceptibility. Susceptibility is the response of the system to small external force. The
chiral susceptibility measures the response of the chiral condensate to the infinitesimal change of the current quark
mass. Chiral susceptibility in two flavour NJL model can be defined as,
χc =
∂〈ψ¯ψ〉
∂m
=
∂〈ψ¯uψu〉
∂m
+
∂〈ψ¯dψd〉
∂m
= χcu + χcd (81)
Using Eq.(53) we get,
χcu =
∂〈ψ¯uψu〉
∂m
=
∂〈ψ¯uψu〉
∂Mu
(
1− 4G1 ∂〈ψ¯uψu〉
∂m
− 4G2 ∂〈ψ¯dψd〉
∂m
)
, (82)
and,
χcd =
∂〈ψ¯dψd〉
∂m
=
∂〈ψ¯dψd〉
∂Md
(
1− 4G1 ∂〈ψ¯dψd〉
∂m
− 4G2 ∂〈ψ¯uψu〉
∂m
)
. (83)
Using Eq.(82), Eq.(83) solving for χcu and χcd, we get,
χcu =
∂〈ψ¯uψu〉
∂Mu
1− 4G2χcd
1 + 4G1
∂〈ψ¯uψu〉
∂Mu
, (84)
and,
χcd =
∂〈ψ¯dψd〉
∂Md
1− 4G2χcu
1 + 4G1
∂〈ψ¯dψd〉
∂Md
. (85)
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Solving, Eq.(84) and Eq.(85) we get,
χcu =
∂〈ψ¯uψu〉
∂Mu
(
1 + 4(G1 −G2)∂〈ψ¯dψd〉∂Md(
1 + 4G1
∂〈ψ¯uψu〉
∂Mu
)(
1 + 4G1
∂〈ψ¯dψd〉
∂Md
)
− 16G22 ∂〈ψ¯uψu〉∂Mu
∂〈ψ¯dψd〉
∂Md
)
, (86)
χcd =
∂〈ψ¯dψd〉
∂Md
(
1 + 4(G1 −G2)∂〈ψ¯uψu〉∂Mu(
1 + 4G1
∂〈ψ¯uψu〉
∂Mu
)(
1 + 4G1
∂〈ψ¯dψd〉
∂Md
)
− 16G22 ∂〈ψ¯uψu〉∂Mu
∂〈ψ¯dψd〉
∂Md
)
. (87)
It is clear from Eq.(86), Eq.(87) that, to calculate chiral susceptibility for u and d quarks we have to estimate
∂〈ψ¯fψf 〉
∂Mf
.
However it is important to note that like chiral condensate, chiral susceptibility also contains ultraviolet divergence.
Hence
∂〈ψ¯fψf 〉
∂Mf
term also has to be regularized to get meaningful results. Using Eq.(59), for vanishing chemical
potential (µ = 0) and vanishing chiral chemical potential (µ5 = 0), in the presence of magnetic field we get,
∂〈ψ¯fψf 〉µ5=0B 6=0
∂M0f
= − 2Nc
(2π)3
∫
|~p|≤Λ
d3p
[
1√
p2 +M20f
− M
2
0f√
(p2 +M20f )
3
]
− Nc|qf |B
2π2
[
x0f (1− lnx0f ) + ln Γ(x0f ) +
1
2
ln
(
x0f
2π
)]
− NcM
2
0f
2π2
[
− lnx0f +
1
2x0f
+
Γ′(x0f )
Γ(x0f )
]
+
∞∑
n=0
Nc|qf |B
π2
(2− δn,0)
∫ ∞
0
dpz
[
1
ǫ
(n)
pz,f
fFD
(
ǫ
(n)
pz,f
)
− M
2
0f
(ǫ
(n)
pz ,f
)3
fFD
(
ǫ
(n)
pz,f
)
− 1
T
(
M0f
ǫ
(n)
pz ,f
)2
fFD
(
ǫ
(n)
pz ,f
)(
1− fFD
(
ǫ
(n)
pz,f
))]
(88)
∂〈ψ¯fψf 〉
µ5=0
B 6=0
∂M0f
as given in Eq.(88) is regularized and it can be used to calculate χcu, χcu and chial susceptibility χc for
finite magnetic field, but vanishing chiral chemical potential. To estimate chiral susceptibility at finite magnetic field
as well as non vanishing chiral chemical potential we have to estimate regularize
∂〈ψ¯fψf 〉
∂Mf
at finite B and µ5. This
regularization has been done using the MSS regularization scheme.
A. Regularization of chiral susceptibility in presence of magnetic field and chiral chemical potential
For non vanishing magnetic field (B) and chiral chemical potential (µ5) for µ = 0, using Eq.(55) the variation of
chiral condensate with constituent quark mass can be written as,
∂〈ψ¯fψf 〉µ5 6=0B 6=0
∂Mf
=
∂〈ψ¯fψf 〉µ5 6=0vac,B 6=0
∂Mf
+
∂〈ψ¯fψf 〉µ5 6=0med,B 6=0
∂Mf
. (89)
Here the first term is the “vacuum” term given as,
∂〈ψ¯fψf 〉µ5 6=0vac,B 6=0
∂Mf
= −Nc|qf |B
(2π)2
∞∑
n=0
∑
s=±1
∫
dpz
1
E
(n)
pz ,s,f
+
Nc|qf |B
(2π)2
∫
dpz
1
E
(0)
pz ,f
+
Nc|qf |B
(2π)2
∞∑
n=0
∑
s=±1
∫
dpz
M2f(
E
(n)
pz ,s,f
)3 − Nc|qf |B(2π)2
∫
dpz
M2f(
E
(0)
pz,f
)3
= I1 + I2 + I3 + I4, (90)
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and the medium dependent term is given as,
∂〈ψ¯fψf 〉µ5 6=0med,B 6=0
∂Mf
=
Nc|qf |B
(2π)2
∫
dpz
1
E
(0)
pz ,f
(
2fFD(E
(0)
pz ,f
)
)
− Nc|qf |B
(2π)2
∫
dpz
M2f
(E
(0)
pz ,f
)3
(
2fFD(E
(0)
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∞∑
n=1
∑
s=±1
∫
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∫
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∫
dpz
M2f
(E
(n)
pz ,s,f
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fFD(E
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)
(91)
The medium dependent term is convergent and does not need any regularization. The “vacuum” term on the other
hand the integrals, I1, I2, and I3 are are divergent and need regularization. We perform the MSS scheme as was done
for the chiral condensate. The regularized
∂〈ψ¯fψf 〉
µ5 6=0
vac,B 6=0
∂Mf
can be expressed as (see Appendix (D), Eq.(D13)),
∂〈ψ¯fψf 〉µ5 6=0vac,B 6=0
∂Mf
= −
(
M20f −M2f + 2µ25
2
)
I1,log + I1,finite1 + I1,finite2 + I2,finite + I3,finite
+ Ifinite + Iquad + Ilog, (92)
where regularized Iquad, Ilog, I1,log can be expressed as (see Appendix (D), Eq.(D15), Eq.(D16), Eq.(D17)),
Iquad = −Nc|qf |B
(2π)2
∞∑
n=0
∑
s=±1
∫
dpz
1
ǫ
(n)
pz,f
+
Nc|qf |B
(2π)2
∫
dpz
1
ǫ
(0)
pz,f
= −Nc|qf |B
2π2
[
x0f (1− lnx0f ) + ln Γ(x0f ) +
1
2
ln
(x0f
2π
) ]
− Nc
2π2
[
Λ
√
Λ2 +M20f −M20f ln
(
Λ +
√
Λ2 +M0f
M0f
)]
,
(93)
Ilog =
Nc|qf |B
(2π)2
∞∑
n=0
∑
s=±1
∫
dpz
M2f
(ǫ
(n)
pz,f
)3
− Nc|qf |B
(2π)2
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dpz
M2f
(ǫ
(0)
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− lnx0f +
1
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[
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
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√
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M0f

 − Λ√
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, (94)
I1,log =
Nc|qf |B
(2π)2
∞∑
n=0
∑
s=±1
∫
dpz
1
(ǫ
(n)
pz ,f
)3
= − Nc
2π2
[
− lnx0f +
Γ′(x0f )
Γ(x0f )
]
+
Nc
π2
[
ln

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√
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M0f

− Λ√
Λ2 +M20f
]
, (95)
and the convergent integrals I1,finite1, I1,finite2,I2,finite, I3,finite and Ifinite are given as,
I1,finite1 = −Nc|qf |B
(2π)2
∞∑
n=0
∑
s=±1
∫
dpz
(
3
8
)
A2 − 4µ25M2f(
ǫ
(n)
pz,f
)5 , (96)
I1,finite2 = −Nc|qf |B
(2π)2
(
15
16
) ∞∑
n=0
∑
s=±1
∫
dpz
∫ 1
0
dx
(1 − x)2(A+ 2sµ5
√
p2z + 2n|qf |B)3[
(ǫ
(n)
pz ,f
)2 − x(A + 2sµ5
√
p2z + 2n|qf |B)
]7/2 (97)
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∞∑
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, (99)
Ifinite = −Nc|qf |B
(2π)2
∫
dpzM
2
f
(
1
(E
(0)
pz ,f
)3
− 1
(ǫ
(0)
pz ,f
)3
)
. (100)
For non vanishing magnetic field and chiral chemical potential Eq.(91), Eq.(92) along with Eq.(86) and Eq.(87) can
be used to calculate chiral susceptibility (χc).
V. RESULTS
Let us note that the Lagrangian as given in Eq.(51) has the following parameters, two couplings G1, G2, the three
momentum cutoff Λ and the current quark masses mu and md. For numerical evaluations the two couplings G1, G2,
are parametrized as G1 = (1 − α)g and G2 = αg [94, 100]. The parameter α is the measure of the strength of the
instanton interaction. The other parameters on which the chiral condensate depends are, the current quark masses:
mu = md = 6 MeV, the three momentum cut off : Λ = 590MeV and the scalar coupling: g = 2.435/Λ
2. For these
values of the parameters, pion vacuum mass is 140.2 MeV, pion decay constant is 92.6 MeV and the quark condensates
are 〈ψ¯uψu〉 = 〈ψ¯dψd〉 = (−241.5)MeV3. This parameter set also leads to a vacuum constituent quark mass 400 MeV.
It is important to mention that in the absence of magnetic field 〈ψ¯uψu〉 and 〈ψ¯dψd〉 are same. Only in the presence
of magnetic field 〈ψ¯uψu〉 and 〈ψ¯dψd〉 are different due to the different electric charge of u and d quark. Hence in the
absence of magnetic field, the constituent quark masses Mu and Md are same and the constituent mass of quarks
does not depend on the parameter α. However η − η′ splitting indicates α = 0.15. Since the quark masses and the
associated susceptibilities depend upon α for non vanishing magnetic field, we have taken α as a parameter and have
shown the results for different values of α to highlight the effect of flavour mixing interaction.
In Fig.(1) we show the variation of constituent quark masses and the associated chiral susceptibility as a function
of temperature (T ) for different values of chiral chemical potential (µ5) and for vanishing magnetic field. For zero
magnetic field 〈ψ¯uψu〉 = 〈ψ¯dψd〉, hence the masses of the u and d quarks remain same. From the left plot in Fig.(1)
we can see that the constituent mass decreases with increasing chiral chemical potential. One can understand this
result in the following way, chiral chemical potential is a conserved number of the associated chiral symmetry. Chiral
symmetry is exact when the fermions are massless. Chiral symmetry try to protect the mass of the fermion from
quantum corrections. Hence the chiral chemical potential which is the measure of the chiral symmetry tries to reduce
the mass of the fermion. Right plot in Fig.(1) shows the chiral susceptibility for vanishing quark chemical potential
and magnetic field. Peak in the chiral susceptibility plot shows the chiral transition temperature. Using Eq.(86) and
Eq.(87) it can be shown that χcu = χcd for vanishing magnetic field. Hence the variation of total chiral susceptibility
(χc) with temperature shows only one peak. However in the presence of magnetic field in general χcu can be different
from χcd and variation of total chiral susceptibility χc with temperature can show multiple peaks. Results for non
vanishing magnetic field will be shown later. From the right plot in Fig.(1) it is clear that with increasing chiral
chemical potential (µ5) chiral transition temperature decreases.
In Fig.(2) we show the variation of constituent quark masses Mu and Md with temperature for vanishing chiral
chemical potential and with finite magnetic field for different values of α. From this figure it is clear that at non
vanishing magnetic field constituent quark mass increases. At vanishing magnetic field constituent mass of u and d
quarks are same. Although in the presence of magnetic field, quark condensates 〈ψ¯uψu〉 6= 〈ψ¯dψd〉, but for α = 0.5
the quark masses Mu = Md. This is because for α = 0.5 constituent quark mass is Mf = m− 2g(〈ψ¯uψu〉+ 〈ψ¯dψd〉),
as can be seen from Eq.(53). On the other hand for α 6= 0.5 quark masses Mu and Md are not the same. The
difference between Mu and Md increases with decrease in the value of α and this difference is largest when α = 0.0.
α = 0.0 corresponds to the case when there is no flavour mixing interaction, and α = 0.5 corresponds to maximal
flavour mixing. It is important to note that for vanishing magnetic field flavour mixing interaction does not affect the
quark masses. Only in the presence of magnetic field when 〈ψ¯uψu〉 6= 〈ψ¯dψd〉, flavour mixing interaction affects the
constituent quark masses Mu and Md significantly.
In Fig.(3) we show the variation of constituent quark massesMu andMd and the associated total chiral susceptibility,
with temperature for vanishing chiral chemical potential and with different values of magnetic field for α = 0.5. It
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FIG. 1: Left plot: Variation of constituent quark mass Mu =Md with temperature (T ) for zero magnetic field but for various
values of chiral chemical potential. Right plot: Variation of chiral susceptibility χc with temperature (T ) for zero magnetic field
but with different values of chiral chemical potential. Prominent peak in the chiral susceptibility plot shows the chiral transition
temperature. From the left plot it is clear that with increasing chiral chemical potential (µ5) constituent mass decreases. From
the susceptibility plot it is clear that transition temperature decreases with chiral chemical potential.
has been already mentioned that for α = 0.5 even in the presence of magnetic field Mu = Md. From the left plot in
Fig.(3) it is clear that with increasing magnetic field constituent quark mass increases. On the other hand from the
right plot in Fig.(3) it is clear that chiral transition temperature increases with increasing magnetic field.
In Fig.(4) we show the variation of constituent quark massesMu andMd and the associated total chiral susceptibility,
with temperature for vanishing chiral chemical potential and with different values of magnetic field for α = 0.0. For
α = 0.0 there is no flavour mixing. From the left plot it is clear that at finite magnetic field Mu 6= Md. This is
because in the presence of magnetic field u and d quark condensates are different and in the absence of flavour mixing
for α = 0.0, Mu is independent of 〈ψ¯dψd〉. Similarly Md is independent of 〈ψ¯uψu〉 for α = 0.0. From the right plot in
Fig.(4) it is clear that chiral transition temperature increases with increasing magnetic field. However it is important
to mention that unlike the case when α = 0.5, in this case susceptibility plot shows two distinct peaks at relatively
large magnetic field values. In fact these two peaks are associated with u and d quarks, which has been shown in
Fig.(5). In the left plot of Fig.(5) we show χcu, χcd and χc for eB = 0.4GeV
2 and α = 0.0. On the other hand In
the right plot of Fig.(5) we show χcu, χcd and χc for eB = 0.4GeV
2 and α = 0.5. From the left plot in Fig.(5) it is
clear that for α = 0.0, i.e. in the absence of flavour mixing, at relatively large magnetic field chiral susceptibility χc
shows two distinct peaks. These two peaks are associated with u and d quarks. At relatively large magnetic field with
α = 0.0, chiral restoration of d quark happens at relatively low temperature with respect to the u quarks. This is due
to the fact that at non zero magnetic field Mu > Md, as can be seen in Fig.(4). On the other hand from the right
plot in Fig.(5) we can see that, although 〈ψ¯uψu〉 6= 〈ψ¯dψd〉, χcu and χcd shows peak at same temperature. Hence for
α = 0.5, at finite magnetic field chiral transition temperature for u and d quarks are same.
Finally in Fig.(6) we show the variation of quark constituent masses Mu and Md and the associated susceptibilities
with temperature for finite magnetic field and finite chiral chemical potential for α = 0.5. Behaviour of quark
constituent masses and the chiral susceptibilities with temperature are similar for other values of α. Left plot in
Fig.(6) shows that with increasing value of chiral chemical potential and for finite magnetic field constituent quark
mass decreases. This decrease in mass with increasing chiral chemical potential has also manifested in the right plot
of Fig.(6), which shows that with increasing chiral chemical potential chiral transition temperature decreases.
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FIG. 2: Variation of constituent quark masses Mu and Md with temperature for vanishing chiral chemical potential but with
finite magnetic field for different values of α. For vanishing magnetic field Mu and Md are same. Note that in the presence of
magnetic field, for α = 0.5, although 〈ψ¯uψu〉 6= 〈ψ¯dψd〉, but the constituent quark masses Mu =Md. However for α 6= 0.5, the
constituent quark masses Mu 6= Md in the presence of magnetic field.α = 0.0 corresponds to the case when there is no flavour
mixing interaction, and α = 0.5 corresponds to maximal flavour mixing.
VI. CONCLUSION
In this investigation we have studied chiral phase transition and the associated chiral susceptibility of the medium
produced in ultra relativistic heavy ion collisions at vanishing quark chemical potential using Wigner function approach
within the framework of two flavour NJL model. For a dynamical system like the medium produced in heavy ion
collision quantum effects can be relevant. Hence the quantum kinetic equation is a suitable formalism to understand the
evolution of these dynamical system. The central quantity of the quantum kinetic description is the Wigner function.
Wigner function is the quantum mechanical analogue of classical distribution function. Different components of
Wigner function satisfies quantum kinetic equation. However in this investigation we have restricted ourselves to the
case of global equilibrium so that T, µ5 are constant and we do not consider evolution of Wigner function. In fact we
could have done the analysis by estimating the mean field thermodynamic potential and minimizing the same to get
the quark masses as well as the susceptibility.
We have looked into the behaviour of quark masses and chiral susceptibility within a two flavour NJL model with
flavour mixing determinant interaction. In the absence of magnetic field u and d quark masses are degenerate, due
to the isospin symmetry. However in the presence of magnetic field, due to different electric charge of u and d quark,
constituent mass of u and d quark can be different. Our results show that while flavour mixing instanton induced
interaction does not affect the quark masses in the absence of magnetic field, in the presence of magnetic field this
interaction can affect quark masses. For maximal flavour mixing in NJL model for a non vanishing magnetic field
u and d quark masses are degenerate. For non maximal flavour mixing quark masses are non degenerate in the
presence of magnetic field. Constituent mass of u and d quark is larger for non vanishing magnetic field compared
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to B = 0 counterpart. With increasing magnetic field constituent mass of u and d quark also increases. This apart,
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the chiral transition temperature is higher for non vanishing magnetic field with respect to the vanishing magnetic
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field case. This is the manifestation of magnetic catalysis i.e. in the presence of magnetic field the formation of chiral
condensate is more probable, also the magnitude of the chiral condensate is higher for larger magnetic field. It is
important to note that in the presence of non maximal flavour mixing instanton interaction , for vanishing magnetic
field as well as for relatively small magnetic field the the chiral transition temperatures of u and d quark are same.
But for larger magnetic field transition temperature of u quark and d quark are different. The difference between the
transition temperature of u and d quark also increases with magnetic field. We have also shown that, non vanishing
chiral chemical potential (µ5) reduces quark mass in the absence as well as in the presence of magnetic field. Unlike
magnetic catalysis, with increasing chiral chemical potential (µ5), chiral transition temperature decreases. Also note
that in presence of magnetic field, the chiral susceptibility shows a double peak structure due to isospin breaking in
presence of magnetic field.
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Appendix A: Derivation of scalar condensate in a background magnetic field and chiral chemical potential
Scalar condensate in the terms of the scalar DHW function can be written as,
〈ψ¯ψ〉 =
∫
d4pF (p) (A1)
Using the explicit form of scalar DHW function (F (p)) as given in Eq.(43), scalar condensate in the presence of
magnetic field as given in Eq.(A1) can be expressed as,
〈ψ¯ψ〉 =
∫
2πpT dp0 dpT dpzM
[ ∞∑
n=0
Vn(p0, pz) Λ
(n)
+ (pT ) +
∞∑
n=1
1√
p2z + 2nqB
An(p0, pz)pz Λ
(n)
− (pT )
]
=
∫
2πpT dp0 dpT dpzM
[
V0(p0, pz) Λ
(0)
+ (pT ) +
∞∑
n=1
Vn(p0, pz) Λ
(n)
+ (pT )
+
∞∑
n=1
1√
p2z + 2nqB
An(p0, pz)pz Λ
(n)
− (pT )
]
= I1 + I2 + I3 (A2)
Now, the first term in Eq.(A2),
I1 = 2 π
∫∫
dp0 dpzMV0(p0, pz)
∫
dpT pT Λ
(0)
+ (pT ). (A3)
Using the explicit form of V0(p0, pz) and Λ
(0)
+ (pT ), Eq.(A3) can be expressed as,
I1 = 2 π
∫∫
dp0 dpz
2
(2π)3
Mδ
(
(p0 + µ)
2 − |E(0)pz |2
)[
θ(p0 + µ) fFD(p0)
+ θ(−p0 − µ) [fFD(−p0)− 1]
] ∫
dpT pT 2 exp
[−p2T /qB]
=
qB
(2π)2
∫
dpz
M
E
(0)
pz
[
fFD(E
(0)
pz − µ) + fFD(E(0)pz + µ)− 1
]
(A4)
The second term in Eq.(A2),
I2 = 2π
∞∑
n=1
∫∫
dp0 dpz MVn(p0, pz)
∫
dpT pTΛ
(n)
+ (pT ). (A5)
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Using the explicit form of Λ
(n)
+ (pT ) one can calculate the following integral,∫
dpT pTΛ
(n)
+ (pT ) = (−1)n
∫ ∞
0
dpT pT
[
Ln(2p
2
T /qB)− Ln−1(2p2T /qB)
]
exp(−p2T /qB) = qB (A6)
To get the Eq.(A6) we use the following identity[101],∫ ∞
0
dx exp(−bx)Ln(x) = (b− 1)nb−n−1. (A7)
Using Eq.(A6) and the explicit form of Vn(p0, pz), I2 can be written as,
I2 = 2π(qB)
∫∫
dp0 dpz
2
(2π)3
M
∑
s
δ
(
(p0 + µ)
2 − |E(n)pz ,s|2
)[
θ(p0 + µ)fFD(p0) + θ(−p0 − µ)(fFD(−p0)− 1)
]
= − qB
(2π)2
∞∑
n=1
∑
s
∫
dpz
M
E
(n)
pz,s
[
1− fFD(E(n)pz ,s − µ)− fFD(E(n)pz ,s + µ)
]
(A8)
Now let us consider the third term of Eq.(A2),
I3 = 2 π
∫∫
dp0 dpzM
∞∑
n=1
1√
p2z + 2nqB
An(p0, pz) pz
∫
dpT pT Λ
(n)
− (pT ). (A9)
Using the explicit form of Λ
(n)
− (pT ), it can be shown that,
∫
dpT pTΛ
(n)
− (pT ) = 0 (A10)
Hence the third term of the Eq.(A2),
I3 = 0. (A11)
Hence using Eq.(A4), Eq.(A8) and Eq.(A11), the scalar condensate is,
〈ψ¯ψ〉 = − qB
(2π)2
∫
dpz
M
E
(0)
pz
[
1− fFD(E(0)pz − µ) − fFD(E(0)pz + µ)
]
− qB
(2π)2
∞∑
n=1
∑
s
∫
dpz
M
E
(n)
pz ,s
[
1− fFD(E(n)pz ,s − µ)− fFD(E(n)pz ,s + µ)
]
. (A12)
Appendix B: Regularization of chiral condensate in a background magnetic field
The scalar condensate of a quark of flavour f , with Nc color degrees of freedom at finite temperature (T ), chemical
potential (µ) can be expressed as,
〈ψ¯fψf 〉µ5=0B 6=0 = −
Nc|qf |B
(2π)2
∞∑
n=0
(2− δn,0)
∫
dpz
M0f
ǫ
(n)
pz ,f
[
1− fFD(ǫ(n)pz ,f − µ)− fFD(ǫ
(n)
pz,f
+ µ)
]]
= 〈ψ¯fψf 〉µ5=0vac,B 6=0 + 〈ψ¯fψf 〉µ5=0med,B 6=0, (B1)
where 〈ψ¯fψf 〉µ5=0vac,B 6=0 is the T = 0, µ = 0 part or the vacuum part of the scalar condensate and 〈ψ¯fψf 〉µ5=0med,B 6=0 is the
finite temperature and finite chemical potential part or the medium part of the scalar condensate in the presence of
magnetic field. It is clear from the Eq.(B1) the vacuum term is divergent for large momenta and however because of
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the distribution functions the medium part in Eq.(B1) is not. Hence it is important to regulate the vacuum part in
Eq.(B1).
Let us consider the vacuum part 〈ψ¯fψf 〉µ5=0vac,B 6=0 which is given as,
〈ψfψf 〉µ5=0vac,B 6=0 = −
Nc
2π
∞∑
n=0
(2− δn,0)|qf |B
∫ ∞
−∞
dpz
(2π)
M0f
ǫ
(n)
pz,f
= −Nc
2π
∞∑
n=0
2|qf |B
∫ ∞
−∞
dpz
(2π)
M0f
ǫ
(n)
pz,f
+
Nc
2π
|qf |B
∫ ∞
−∞
dpz
(2π)
M0f
ǫ
(0)
pz,f
= I1 + I2 (B2)
Both integrals I1 and I2 are divergent at large momentum. These integrals can be regularized using dimensional
regularization scheme. In this regularization scheme integral I1 can be expressed as,
I1 = −Nc
2π
∞∑
n=0
2|qf |B
∫ ∞
−∞
dpz
(2π)
M0f
ǫ
(n)
pz,f
= −Nc
2π
∞∑
n=0
2|qf |B
M0fΓ(ǫ/2)
(4π)(1−ǫ)/2Γ(1/2)(x0f + n)
ǫ/2
, (B3)
where the dimensionless variable x0f ≡M20f /2|qf |B. Similarly the integral I2 can be expressed as,
I2 = Nc
2π
|qf |B
∫
dpz
(2π)
M0f√
M20f + p
2
z
=
NcM0f |qf |B
(2π)
Γ(ǫ/2)
(4π)(1−ǫ)/2Γ(1/2)x
ǫ/2
0f
(B4)
Using Eq.(B3) and Eq.(B4), vacuum part of the scalar condensate in the presence of magnetic field as given in
Eq.(B2), can be recasted as,
I1 + I2 = −Nc
2π
2|qf |BM0f
Γ(ǫ/2)
(4π)(1−ǫ)/2Γ(1/2)
[ ∞∑
n=0
1
(x0f + n)
ǫ/2
− 1
2x
ǫ/2
0f
]
= −Nc
2π
2|qf |BM0f
Γ(ǫ/2)
(4π)1/2Γ(1/2)
[
ζ(ǫ/2, x0f )−
1
2x
ǫ/2
0f
]
. (B5)
Expanding the right hand side of Eq.(B5) around ǫ→ 0 and keeping only the leading order terms, we get,
I1 + I2 = − Nc
2π2
|qf |BM0f
[
− 2x0f
ǫ
+ γEx0f +
1
2
lnx0f + lnΓ(x0f )−
1
2
ln(2π)
]
(B6)
In Eq.(B5), we have used the representation of Zeta function, which is given as [102],
ζ(a, x) =
∞∑
n=0
1
(x+ n)a
, (B7)
also, we have used the following identities to get Eq.(B6),
ζ(0, x) = (
1
2
− x), and, ζ′(0, x) = ln Γ(x)− 1
2
ln(2π), where ζ′(0, x) =
dζ(a, x)
da
|a=0 (B8)
It is clear from Eq.(B6), that the vacuum part has 1/ǫ divergent part. To remove this 1/ǫ divergence we use the
following integral,
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I3 = −2Nc
∫
d3p
(2π)3
M0f√
p2 +M20f
(B9)
Using dimensional regularization method the integral in Eq.(B9) can be recasted as,
I3 =
−2NcM0f
(4π)3/2Γ(1/2)
Γ(−1 + ǫ/2)
(2x0f |qf |B)−1+ǫ/2
(B10)
Expand the right hand side of Eq.(B10) around ǫ→ 0 and keeping only the leading order terms we get,
I3 =
−NcM0f |qf |B
2π2
[
− 2x0f
ǫ
− x0f + x0f γE + x0f lnx0f
]
(B11)
Using Eq.(B6) and Eq.(B11) we get,
I1 + I2 − I3 = −
NcM0f |qf |B
2π2
[
x0f (1− lnx0f ) + ln Γ(x0f ) +
1
2
ln
(
x0f
2π
)]
(B12)
Using Eq.(B2) and Eq.(B12), we have the regularized vacuum part of the scalar condensate in the presence of
magnetic field and is given as,
〈ψfψf 〉µ5=0vac,B 6=0 = I1 + I2 − I3 + I3
= −NcM0f |qf |B
2π2
[
x0f (1− lnx0f ) + ln Γ(x0f ) +
1
2
ln
(
x0f
2π
)]
− 2Nc
∫
|~p|≤Λ
d3p
(2π)3
M0f√
p2 +M20f
. (B13)
Again,
I1 = I1 − I3 + I3
= −Nc|qf |BM0f
2π2
[
1
ǫ
− γE
2
+ x0f (1− lnx0f ) + ln Γ(x0f )−
1
2
ln(2π)
]
− 2Nc
∫
d3p
(2π)3
M0f√
p2 +M20f
. (B14)
Hence,
I ≡ −Nc|qf |B
(2π)2
∑
s=±1
∞∑
n=0
∫
dpz
1√
p2z +M
2
0f
+ 2n|qf |B
= − Nc
2π2
|qf |B
[
1
ǫ
− γE
2
+ x0f (1− lnx0f ) + ln Γ(x0f )−
1
2
ln(2π)
]
− 2Nc
∫
d3p
(2π)3
1√
p2 +M20f
(B15)
Using Eq.(B15) we get,
Nc|qf |B
(2π)2
∑
s=±1
∞∑
n=0
∫
dpz
1
(p2z +M
2
0f
+ 2n|qf |B)3/2 ≡
1
M0f
∂I
∂M0f
= − Nc
2π2
[
− lnx0f +
Γ′(x0f )
Γ(x0f )
]
+ 2Nc
∫
|~p|≤Λ
d3p
(2π)3
1
(p2 +M20f )
3/2
(B16)
Appendix C: Regularization of chiral condensate in a background magnetic field and chiral chemical potential
The scalar condensate of a quark of flavour f with Nc color degrees of freedom at finite temperature (T ), quark
chemical potential (µ), chiral chemical potential (µ5), electric charge (qf ) and magnetic field (B) can be expressed as,
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〈ψ¯fψf 〉µ5 6=0B 6=0 = −
Nc|qf |B
(2π)2
[ ∫
dpz
Mf
E
(0)
pz ,f
[
1− fFD(E(0)pz ,f − µ) − fFD(E
(0)
pz ,f
+ µ)
]
+
∞∑
n=1
∑
s
∫
dpz
Mf
E
(n)
pz ,s,f
[
1− fFD(E(n)pz ,s,f − µ)− fFD(E
(n)
pz ,s,f
+ µ)
]]
= 〈ψ¯fψf 〉µ5 6=0vac,B 6=0 + 〈ψ¯fψf 〉µ5 6=0med,B 6=0, (C1)
where 〈ψ¯fψf 〉µ5 6=0vac,B 6=0 is the T = 0, µ = 0 part or the vacuum part of the scalar condensate and 〈ψ¯fψf 〉µ5 6=0med,B 6=0 is
the finite temperature and finite chemical potential part or the medium part of the scalar condensate in the presence
of magnetic field and chiral chemical potential (µ5). It is clear from the Eq.(C1) that the vacuum term is divergent
at large momenta and however because of the distribution functions the medium part in Eq.(C1) is not. Hence the
vacuum term has to be regularized.
The vacuum term in the presence of magnetic field and chiral chemical potential can be expressed as,
〈ψ¯fψf 〉µ5 6=0vac,B 6=0 = −Nc
|qf |B
(2π)2
∫
dpz
Mf√
M2f + (pz − µ5)2
−Nc |qf |B
(2π)2
∞∑
n=1
∑
s=±1
∫
dpz
Mf√
M2f + (
√
p2z + 2n|qf |B − sµ5)2
= −Nc |qf |B
(2π)2
∞∑
n=0
∑
s=±1
∫
dpz
Mf√
M2f + (
√
p2z + 2n|qf |B − sµ5)2
+Nc
|qf |B
(2π)2
∫
dpz
Mf√
M2f + (pz − µ5)2
= −Nc |qf |B
(2π)2
∞∑
n=0
∑
s=±1
∫
dpz
1
π
∫ ∞
−∞
dp4
Mf
p24 +
(
M2f + (
√
p2z + 2n|qf |B − sµ5)2
)
+Nc
|qf |B
(2π)2
∫
dpz
1
π
∫ ∞
−∞
dp4
Mf
p24 +M
2
f + (pz − µ5)2
= I1 + I2 (C2)
Using the regularization method discussed in Ref.[59] we can write the integrand of the integral I1 as given in the
Eq.(C2) as following
1
p24 +M
2
f + (
√
p2z + 2n|qf |B − sµ5)2
=
1
p24 + p
2
z +M
2
0f
+ 2n|qf |B −
1
p24 + p
2
z +M
2
0f
+ 2n|qf |B +
1
p24 +M
2
f + (
√
p2z + 2n|qf |B − sµ5)2
=
1
p24 + p
2
z +M
2
0f
+ 2n|qf |B +
M20f −M2f − µ25 + 2sµ5
√
p2z + 2n|qf |B(
p24 + p
2
z +M
2
0f
+ 2n|qf |B
)(
p24 +M
2
f + (
√
p2z + 2n|qf |B − sµ5)2
) (C3)
Using Eq.(C3) twice we can write the integrand of the integral I1 in the following way,
1
p24 +M
2
f + (
√
p2z + 2n|qf |B − sµ5)2
=
1
p24 + p
2
z +M
2
0f
+ 2n|qf |B +
A+ 2sµ5
√
p2z + 2n|qf |B(
p24 + p
2
z +M
2
0f
+ 2n|qf |B
)2
+
(A+ 2sµ5
√
p2z + 2n|qf |B)2(
p24 + p
2
z +M
2
0f
+ 2n|qf |B
)3 + (A+ 2sµ5
√
p2z + 2n|qf |B)3(
p24 + p
2
z +M
2
0f
+ 2n|qf |B
)3(
p24 +M
2
f + (
√
p2z + 2n|qf |B − sµ5)2
) ,
(C4)
where A =M20f −M2f − µ25. Performing p4 integration in each term of Eq.(C4) we get,
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1
π
∑
s
∫
dp4
1
p24 + p
2
z +M
2
0f
+ 2n|qf |B =
∑
s
1√
p2z +M
2
0f
+ 2n|qf |B
(C5)
1
π
∑
s
∫
dp4
A+ 2sµ5
√
p2z + 2n|qf |B(
p24 + p
2
z +M
2
0f
+ 2n|qf |B
)2 =∑
s
1
2
A(
p2z +M
2
0f
+ 2n|qf |B
)3/2 (C6)
1
π
∑
s
∫
dp4
(A+ 2sµ5
√
p2z + 2n|qf |B)2(
p24 + p
2
z +M
2
0f
+ 2n|qf |B
)3 =∑
s
[
3
8
A2
(p2z +M
2
0f
+ 2n|qf |B)5/2
− 3
2
µ25M
2
0f
(p2z +M
2
0f
+ 2n|qf |B)5/2
+
3
2
µ25
(p2z +M
2
0f
+ 2n|qf |B)3/2
]
(C7)
1
π
∑
s
∫
dp4
(A+ 2sµ5
√
p2z + 2n|qf |B)3(
p24 + p
2
z +M
2
0f
+ 2n|qf |B
)3(
p24 +M
2
f + (
√
p2z + 2n|qf |B − sµ5)2
)
=
1
π
∑
s
∫
dp4
∫ 1
0
dx
3(1− x)2(A+ 2sµ5
√
p2z + 2n|qf |B)3[
x
(
p24 +M
2
f + (
√
p2z + 2n|qf |B − sµ5)2
)
+ (1− x)
(
p24 + p
2
z +M
2
0f
+ 2n|qf |B
)]4
=
∑
s
15
16
∫ 1
0
dx
(1− x)2(A+ 2sµ5
√
p2z + 2n|qf |B)3[
p2z +M
2
0f
+ 2n|qf |B − x(A + 2sµ5
√
p2z + 2n|qf |B)
]7/2 (C8)
Using Eq.(C5),Eq.(C6),Eq.(C7) and Eq.(C8), integral I1 in Eq.(C2) can be expressed as,
I1 = −Nc |qf |B
(2π)2
∞∑
n=0
∑
s=±1
∫
dpz
Mf√
M2f + (
√
p2z + 2n|qf |B − sµ5)2
= I1quad −
Mf(M
2
0f
−M2f + 2µ25)
2
I1log + I1finite1 + I1finite2 , (C9)
where
I1quad = −Nc
|qf |B
(2π)2
∞∑
n=0
∑
s=±1
∫
dpz
Mf√
p2z +M
2
0f
+ 2n|qf |B
, (C10)
I1log = Nc
|qf |B
(2π)2
∞∑
n=0
∑
s=±1
∫
dpz
1
(p2z +M
2
0f
+ 2n|qf |B)3/2 , (C11)
I1finite1 = −Nc
|qf |B
(2π)2
∞∑
n=0
∑
s=±1
∫
dpz
(
3
8
)[
MfA
2 − 4MfM20fµ25
(p2z +M
2
0f
+ 2n|qf |B)5/2
]
, (C12)
I1finite2 = −Nc
|qf |B
(2π)2
(
15
16
) ∞∑
n=0
∑
s=±1
∫
dpz
∫ 1
0
dx
(1 − x)2Mf(A+ 2sµ5
√
p2z + 2n|qf |B)3[
p2z +M
2
0f
+ 2n|qf |B − x(A + 2sµ5
√
p2z + 2n|qf |B)
]7/2 . (C13)
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In a similar way the integral I2 in Eq.(C2) can also be written as,
I2 = Nc
|qf |B
(2π)2
∫
dpz
Mf√
M2f + (pz − µ5)2
= Nc
|qf |B
(2π)2
∫
dpz
Mf√
M2f + (pz − µ5)2
−Nc |qf |B
(2π)2
∫
dpz
Mf√
p2z +M
2
0f
+Nc
|qf |B
(2π)2
∫
dpz
Mf√
p2z +M
2
0f
=
(
1
2
)
Nc
|qf |B
(2π)2
∫
dpz
∫ 1
0
dx
Mf
(
A+ 2pzµ5
)
[
p2z +M
2
0f
− x
(
A+ 2pzµ5
)]3/2 +Nc |qf |B(2π)2
∫
dpz
Mf√
p2z +M
2
0f
= I2finite + I2log (C14)
Using Eq.(C9) and Eq.(C14), Eq.(C2) can be recasted as,
〈ψ¯fψf 〉µ5 6=0vac,B 6=0 = −
Mf(M
2
0f
−M2f + 2µ25)
2
I1log + I1finite1 + I1finite2 + I2finite + I1quad + I2log , (C15)
where
I1log = −
Nc
2π2
[
− lnx0f +
Γ′(x0f )
Γ(x0f )
]
+ 2Nc
∫
|~p|≤Λ
d3p
(2π)3
1
(p2 +M20f )
3/2
, (C16)
and
I1quad + I2log = −
NcMf |qf |B
2π2
[
x0f (1− ln x0f ) + ln Γ(x0f ) +
1
2
ln
(
x0f
2π
)]
− 2Nc
∫
|~p|≤Λ
d3p
(2π)3
Mf√
p2 +M20f
. (C17)
In Eq.(C16) and (C17) we have used (B16) and (B13) respectively.
Appendix D: Chiral susceptibility and its regularization in the presence of a background magnetic field and
chiral chemical potential
Using Eq.(C2), we get,
∂〈ψ¯fψf 〉µ5 6=0vac,B 6=0
∂Mf
= −Nc|qf |B
(2π)2
∞∑
n=0
∑
s=±1
∫
dpz
1√
M2f + (
√
p2z + 2n|qf |B − sµ5)2
+
Nc|qf |B
(2π)2
∫
dpz
1√
M2f + (pz − µ5)2
+
Nc|qf |B
(2π)2
∞∑
n=0
∑
s=±1
∫
dpz
M2f(
M2f + (
√
p2z + 2n|qf |B − sµ5)2
)3/2 − Nc|qf |B(2π)2
∫
dpz
M2f(
M2f + (pz − µ5)2
)3/2
= I1 + I2 + I3 + I4 (D1)
Using Eq.(C9), we can write,
I1 =−Nc |qf |B
(2π)2
∞∑
n=0
∑
s=±1
∫
dpz
1√
M2f + (
√
p2z + 2n|qf |B − sµ5)2
= I1,quad −
(M20f −M2f + 2µ25)
2
I1,log + I1,finite1 + I1,finite2, (D2)
where
I1,quad = −Nc |qf |B
(2π)2
∞∑
n=0
∑
s=±1
∫
dpz
1√
p2z +M
2
0f
+ 2n|qf |B
, (D3)
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I1,log = Nc
|qf |B
(2π)2
∞∑
n=0
∑
s=±1
∫
dpz
1
(p2z +M
2
0f
+ 2n|qf |B)3/2 , (D4)
I1,finite1 = −Nc |qf |B
(2π)2
∞∑
n=0
∑
s=±1
∫
dpz
(
3
8
)[
A2 − 4M20fµ25
(p2z +M
2
0f
+ 2n|qf |B)5/2
]
, (D5)
I1,finite2 = −Nc |qf |B
(2π)2
(
15
16
) ∞∑
n=0
∑
s=±1
∫
dpz
∫ 1
0
dx
(1 − x)2(A+ 2sµ5
√
p2z + 2n|qf |B)3[
p2z +M
2
0f
+ 2n|qf |B − x(A + 2sµ5
√
p2z + 2n|qf |B)
]7/2 . (D6)
The integral I2 in Eq.(D1) can be expressed as,
I2 = Nc
|qf |B
(2π)2
∫
dpz
1√
M2f + (pz − µ5)2
= I2,finite + I2,log, (D7)
where divergence free I2,finite is,
I2,finite =
(
1
2
)
Nc
|qf |B
(2π)2
∫
dpz
∫ 1
0
dx
(
A+ 2pzµ5
)
[
p2z +M
2
0f
− x
(
A+ 2pzµ5
)]3/2 , (D8)
and the divergence term I2,log is,
I2,log =
Nc|qf |B
(2π)2
∫
dpz
1√
p2z +M
2
0f
. (D9)
Similarly, the integral I3 can be separated into a divergent and a convergent terms as,
I3 =
Nc|qf |B
(2π)2
∞∑
n=0
∑
s=±1
∫
dpz
M2f(
M2f + (
√
p2z + 2n|qf |B − sµ5)2
)3/2 = I3,finite + I3,log, (D10)
where
I3,finite =
Nc|qf |B
(2π)2
∞∑
n=0
∑
s=±1
∫
dpzM
2
f
[
1(
M2f + (
√
p2z + 2n|qf |B − sµ5)2
)3/2 − 1(
M20f + p
2
z + 2n|qf |B
)3/2
]
, (D11)
and
I3,log =
Nc|qf |B
(2π)2
∞∑
n=0
∑
s=±1
∫
dpz
M2f(
M20f + p
2
z + 2n|qf |B
)3/2 . (D12)
It can be shown that the term I3,finite is finite. On the other hand the term I3,log is not convergent at large momenta.
Using Eq.(D2), Eq.(D7) and Eq.(D10), Eq.(D1) can be rearranged in the following way,
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∂〈ψ¯fψf 〉µ5 6=0vac,B 6=0
∂Mf
= I1,quad −
M20f −M2f + 2µ25
2
I1,log + I1,finite1 + I1,finite2 + I2,finite + I3,finite
+ I4 + I2,log + I3,log
= −M
2
0f
−M2f + 2µ25
2
I1,log + I1,finite1 + I1,finite2 + I2,finite + I3,finite
+
(
I4 +
Nc|qf |B
(2π)2
∫
dpz
M2f
(M20f + p
2
z)
3/2
)
+ (I1,quad + I2,log)
+
(
I3,log − Nc|qf |B
(2π)2
∫
dpz
M2f
(M20f + p
2
z)
3/2
)
= −M
2
0f
−M2f + 2µ25
2
I1,log + I1,finite1 + I1,finite2 + I2,finite + I3,finite + Ifinite + Iquad + Ilog, (D13)
where Ifinite is,
Ifinite = I4 +
Nc|qf |B
(2π)2
∫
dpz
M2f
(p2 +M20f )
3/2
, (D14)
and
Iquad = I1,quad + I2,log
= −Nc|qf |B
2π2
[
x0f (1− ln x0f ) + ln Γ(x0f ) +
1
2
ln
(x0f
2π
)]
− 2Nc
(2π)3
∫
|~p|≤Λ
d3p
1√
p2 +M20f
. (D15)
Ilog = I3,log − Nc|qf |B
(2π)2
∫
dpz
M2f
(p2 +M20f )
3/2
,
= −NcM
2
f
2π2
[
− lnx0f +
1
2x0f
+
Γ′(x0f )
Γ(x0f )
]
+
2Nc
(2π)3
∫
|~p|≤Λ
d3p
M2f(
p2 +M0f
)3/2 , (D16)
with,
I1,log =
Nc|qf |B
(2π)2
∑
s=±1
∞∑
n=0
∫
dpz
1
(p2z +M
2
0f
+ 2n|qf |B)3/2 = −
Nc
2π2
[
− lnx0f +
Γ′(x0f )
Γ(x0f )
]
+ 2Nc
∫
|~p|≤Λ
d3p
(2π)3
1
(p2 +M20f )
3/2
. (D17)
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